In the split G2-geometry, we study the correspondence found by E. Cartan between the Cartan distribution and the contact distribution with Monge structure on spaces of five variables. Then the generic classification is given on singularities of tangent surfaces to Cartan curves and to Monge curves via the viewpoint of duality. The geometric singularity theory for simple Lie algebras of rank 2, namely, for A2, C2 = B2 and G2 is established.
Here LG(R 4 ) is the Lagrange-Grassmann manifold. We set G = G(C 2 ) = Sp(R 4 ), the symplectic group. Note that G is isomorphic the spinor group Spin(R I : ((1, 2, 3), (1, 2, 3)), II : ( (1, 3, 4) , (2, 3, 4) ), III : ( (2, 3, 5) , (1, 3, 5) ).
The pair of diffeomorphism classes of tangent surfaces to Π Y • f and to Π X • f is given by one of the following three cases:
I : (cuspidal edge, cuspidal edge), II : (Mond surface, swallowtail), III : (generic folded pleat, Shcherbak surface). A parametrized surface in a 3-dimensional space is called a cuspidal edge (resp. Mond surface, swallowtail, generic folded pleat, Shcherbak surface) if it is locally diffeomorphic to the germ of parametrized surface (R 2 , 0) → (R 3 , 0) explicitly given by cuspidal edge : (x, t) → (x, t 2 − 2xt, 2t 3 − 3xt 2 ), For the computer aided graphics of those singularities, see Figure 3 and [13] .
The main purpose of this paper is to give a precise real model of the double fibration
for G 2 type, following Bryant's construction [6] . Here Z(G 2 ) is a kind of flag manifold over the split octonion and it is of dimension 6, while dim Y (G 2 ) = dim X(G 2 ) = 5. The Engel distribution E ⊂ T Z(G 2 ) over Z(G 2 ) is defined by E := Ker(Π Y * ) ⊕ Ker(Π X * ).
In this paper we show the following classification result of singularities: 3, 4 , 5, 7), (2, 3, 4, 5, 7)), III : ( (2, 3, 5, 7, 8) , (1, 3, 5, 7, 8) ).
The pair of diffeomorphism classes of tangent surfaces to Π Y • f and to Π X • f is given by one of the following three cases:
In §2, we recall the split octonions and G 2 , and in §3, we introduce the flag manifold and the double fibration for the split G 2 following [6] . Note that the same construction has been analyzed and utilized in the problem of "rolling balls" ( [1] [4] [3] ). From Theorems 1.1, 1.2 and 1.3, we observe that the tangent varieties for G 2 case project to that for C 2 and to that for A 2 . We provide an explanation of this observation on the above classification results (Remark 3.7). In §4, we give the explicit description of the double fibration and differential systems associated to it, in order to find exact normal forms of singularities in the following sections. In fact in §5, we provide explicit descriptions of tangent surfaces to Π Y • f and to Π X • f for any germ of Engel integral curve. Then we show a necessary codimension formula to get the genericity result and the "Cartan-Monge duality"of Engel curves in §6, which is analogous to the ordinal projective duality of plane curve singularities for A 2 , and to the "contact-cone, Legendre-null"duality for C 2 observed in [13] . We complete the classification of singularities of tangent mappings in §7 to prove the main Theorem 1.3. In §8, as an appendix, we give a Lie theoretical explanation on the hierarchy of double fibrations associated to simple Lie algebras of rank 2, in terms of root systems of G 2 , C 2 and A 2 . We set ε = (0, 1) and write (a, b) = a + bε. Then we have ε 2 = 1 and
Remark that the octonion is a non-associative algebra. Moreover we define the conjugation on O by a + bε = a − bε. Then the inner product on O is defined by
which is of index (4, 4) . An element of O is uniquely expressed as
We set e 0 = 1, e 1 = The split G 2 group is defined as the automorphism group of the split octonion algebra O and is denoted by G 2 :
Thus we see G 2 preserves the conjugation and the inner product. The associative 3-form φ ∈ ∧ 3 V * is defined by φ(u, v, w) = (uv|w). Then G 2 preserves the associative 3-form φ. The converse is true by the following result: 
Moreover we set 
Proposition 3.1 is stated in [6] . For the proof, we refer [2] over algebraically closed fields (see also [8] , §23.3). Since we work over R, we give a proof that G 2 acts transitively on Y, X and Z to make sure: First we remark that Y is a connected 5-dimensional manifold. In fact, the inner product on V is of index (3, 4) and we see that Y is diffeomorphic to
Therefore Z is a connected 6-dimensional manifold. Since G 2 /B is embedded in Z as a closed set and dim(G 2 /B) = 6, we have that Z ∼ = G 2 /B as G 2 -manifolds. Since Π X : Z → X is a S 1 -bundle, we see X is a connected 5-dimensional manifold. Since G 2 /P 2 is embedded in X as a closed set and dim(G 2 /P 2 ) = 5, we have that X ∼ = G 2 /P 2 as G 2 -manifolds. Therefore G 2 acts on transitively on the double fibration Y ← Z → X. In [3] , the transitivity of G 2 -action on Z is proved using the notion "null triples". See also [4] [1] and §8. Now we give the concrete description of the double fibration which is needed to obtain the exact and explicit classification results on singularities in the following sections.
Let Π Y : Z → Y and Π X : Z → X be natural projections. Note that both Π Y and Π X are fibrations with S 1 -fibers. Consider the double fibrations
For each U ∈ X, we consider a one dimensional submanifold On Z we define the distribution E ⊂ T Z of rank 2 by
We call E the Engel distribution, or G 2 -Engel distribution to distinguish with the C 2 -case.
The big (or strong) (resp. the small (or weak)) derived systems
in terms of sheaves. Note that
. Therefore, for the "vector" counting ranks of small or big derived systems, we obtain: (2, 3, 4, 5, 6 ) and the big growth vector (2, 3, 4, 6).
Lemma 3.2 E ⊂ T Z is a G 2 -invariant distribution with the small growth vector

Remark 3.3
The system E ⊂ T Z is locally isomorphic to the system associated to the HilbertCartan equation (see [19] ).
For each ∈ Y , we set
Then we see that H is a 3-dimensional subspace of V . Moreover any line in H is a null line (a 1-dimensional null subalgebra). (See §4.) Therefore the projective
Then we have: (2, 3, 5) .
Lemma 3.4 D ⊂ T Y is a G 2 -invariant Cartan distribution with the big and small growth vector
which is of rank 3. Here H ⊥ is the orthogonal space of H : We define a field of two dimensional cones C ⊂ T X on X as follows: Let U ∈ X. Consider the Schubert variety
Then the cone C U ⊂ T U X is defined as the tangent cone of S U at U . Moreover we define the contact distribution D ⊂ T X as the linear hull of the cone field C. Note that Z is identified with the oriented projective bundle P (D) and E is identified with the prolongation of D ⊂ T Y . On the other hand Z is identified with the set P (C) of generating oriented lines of the cone field C and E is the "prolongation" or, the (double cover of) "resolution" of C.
In the next section we give the explicit descriptions of E, D, C and D .
Remark 3.6
As is stated in §1, we observe that we have the Cartan structure on Y (G 2 ), which is a G 2 -invariant distribution with big and small growth vector (2, 3, 5) , while on Y (C 2 ) we have a projective contact structure with big and small growth vector (2, 3) and on Y (A 2 ) we have just a projective structure. On X(G 2 ) we have a G 2 -homogeneous contact structure with big and small growth vector (4, 5) and a cubic Lagrange cone field in it, while on X(C 2 ) we have a LagrangeGrassmann structure or an indefinite conformal structure, which is given by a quadratic cone field. On Z(G 2 ) we have the G 2 -Engel distribution with small growth vector (2, 3, 4, 5, 6) and with big growth vector (2, 3, 4, 6), while on Z(C 2 ) we have the Engel structure with big and small growth vector (2, 3, 4) and on Z(A 2 ) we have a projective contact structure with big and small growth vector (2, 3). 
Remark 3.7 If we restrict the double fibration
To the double fibration (Y, D)
we naturally associate some classes of curves:
Here, for instance, V 1 (t) means the subspace generated by the derivative v (t), with respect to a fixed basis of V , for any
and g lifts uniquely to an Engel immersion f : I → Z.
A curve h : I → X, h(t) = V 2 (t) (t ∈ I) is a Monge curve if and only if there exists
Then h lifts to an Engel curve f : I → Z uniquely.
Explicit description of double fibration and differential systems
We introduce certain charts on X, Z and on Y which are compatible with the double fibration Y
For a subset S ⊂ V , we define
Then, for each (V 1 , V 2 ) ∈ Z, we obtain canonically the complete flag in V :
Thus we have an embedding of Z into the complete flag manifold
Then we have the complete flag of V :
Consider the open subset
Then we have the canonical decomposition of V into the direct sum of lines:
Since G 2 acts transitively on Z (Proposition 3.1), we can choose a basis e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 of V satisfying
and e 0 = 1, e 1 , e 2 , e 3 , e 4 , e 5 , e 6 , e 7 form an admissible basis, enjoying the same multiplication table (Table 1 ) and therefore the same inner product pairing with the standard basis with e 0 = 1 (cf. [2] ).
Then we fix the basis of U by f 1 = e 1 + ye 3 + xe 4 + ve 5 + ue 6 + ke 7 , f 2 = e 2 + ze 3 + e 4 + ae 5 + be 6 + ce 7 .
Thus we have a system of local coordinates x, y, z, u, v of X near U 1 . Then we have a basis of in the form f 1 + λf 2 for some λ ∈ R: 
In particular, the coordinate on Π Y -fiber is given by z and the coordinate on Π X -fiber is given λ.
Remark 4.1 As a chart on Z, also we can take (λ, µ, ν, τ, σ, z). Then the local coordinate transformation for our chart (λ, x, y, z, u, v) is expressed by
We show the explicit local expressions of our differential systems:
A local frame (ξ 1 , ξ 2 ) of E is given by
is given by a frame f 1 (t), f 2 (t). Then the condition that v ∈ E is given by f 1 (0) ∈ f 1 (0), f 2 (0) . In terms of local coordinates, the condition is given by
for some p ∈ R, at t = 0. Then p = λ and
Then the condition is equivalent to
Thus we obtain the required consequence. 
The local frame of D is given by
Y (r 0 ) are given by the conditions
By differentiating by λ, we have a family of tangent lines in T r0 Y with direction vectors
Note that the family is linear in z and envelopes the tangent plane to
Y (r 0 ). We have three independent cotangent vectors
from the condition to annihilate the family of lines, which define the differential system D. The local frame is obtained easily. Note that
2
Lemma 4.5 The cone structure C ⊂ T X is a twisted cubic cone field given, in terms of the system of local projective coordinates (x, y, z, u, v) and symmetric tensors, by
dxdy − dzdv = 0, dxdz − (dy) 2 = 0, (dx) 2 − dydv = 0, du − 2ydx + xdy + zdv = 0.
The linear hull of C is a contact structure D ⊂ T X given by
du − 2ydx + xdy + zdv = 0.
Then the condition that a point (x, y, z, u, v) belongs to
for some λ ∈ R. Then
Hence the condition is reduced to
Thus we have a family of tangent lines in T q0 X parametrized by λ, which forms a twisted cubic cone:
in the hyperplane {du = 2y 0 dx−x 0 dy−z 0 dv} ⊂ T q0 X. Eliminating λ, we obtain the equations for C. Moreover we have that the linear hull D q0 is given by D q0 = {du−2y 0 dx+x 0 dy+z 0 dv = 0} ⊂ T q0 X. This completes the explicit expression of our geometric structures. 2
Remark 4.6
The tangent surfaces of Monge curves, namely integral curves to the cone field C, are Legendre surfaces for the contact structure D .
Explicit descriptions of tangent surfaces
Let f : (R, 0) → Z(G 2 )
be a germ of Engel curve and f (t) = (λ(t), x(t), y(t), z(t), u(t), v(t)) a local representation of f in local coordinates of Z introduced in §4.
First we give a parametrization of the tangent surface to the curve Π Y • f in Y .
Lemma 5.1 The tangent surface to Π Y • f is parametrized by a map-germ (R
2 , 0) → (R 5 , 0) given by (r, t
) → r, x(t) + ry(t), y(t) + rz(t), v(t) + rx(t), u(t) + r(y(t) 2 − x(t)z(t)) .
Proof : The curve γ = Π Y • f is given by γ(t) = λ(t), x(t) + λ(t)y(t), y(t) + λ(t)z(t), v(t) + λ(t)x(t), u(t) + λ(t)(y(t) 2 − x(t)z(t)) .
Using the condition that f is an Engel integral curve (Lemma 4.2), we see that the velocity vector of γ is given by γ (t) = λ (t) 1, y
(t), z(t), x(t), y(t) 2 − x(t)z(t) .
Therefore, for each t, we can take the vector w(t) = 1, y(t), z(t), x(t), y(t)
2 − x(t)z(t) as a basis of the tangent line to γ at t. Hence the tangent map-germ of γ is given by
If we set r = λ(t) + s, then we see that the tangent map-germ
) is given by (r, t) → r, x(t) + ry(t), y(t) + rz(t), v(t) + rx(t), u(t) + r(y(t)
2 − x(t)z(t) , up to parametrizations. 2
Remark 5.2 Consider the map-germ G
Y : (R 2 , 0) → (R 2 , 0) define by G Y (r, t) = (G 1 (r, t
), G 2 (r, t)) := (r, y(t) + rz(t)).
Define the sub-R-algebra
Then we see that every components of the germ Tan(Π Y • f ) belong to R GY . In fact we have
(t)z(t)) = −(λ(t) 2 z(t) + 2λ(t)y(t) + x(t))
∂ ∂t (y(t) + rz(t)).
Hence we have F *
Moreover, in fact, the object R G is defined for any mapgerm G : (R n , 0) → (R m , 0) similarly to above and, for any diffeomorphism-germs Σ :
Second, we give a parametrization of the tangent surface to the curve Π X • f in X. 3 .
Lemma 5.3 The tangent surface to
Π X • f is parametrized by a map-germ (R 2 , 0) → (R 5 , 0) given by (r, t) → x(t) − λ(t) 2 z(t) + rλ(t) 2 , y(t) + λ(t)z(t) − rλ(t), r, u(t) − λ(t) 3 z(t) 2 − 2λ(t) 2 y
(t)z(t) − λ(t)x(t)z(t) + r(λ(t) 3 z(t) + 2λ(t) 2 y(t) + λ(t)x(t)), v(t) + λ(t) 3 z(t) − rλ(t)
Proof : The curve γ * = Π X • f is given by γ * (t) = (
x(t), y(t), z(t), u(t), v(t)). From Lemma 4.2, the velocity vector of γ
* is given by
Thus we have the tangent map-germ of γ * is given by
By setting r = z(t) + s, we see that
Remark 5.4 Similarly to Remark 5.2, for the tangent surface to Π
X • f , we set G X : (R 2 , 0) → (R 2 , 0) by G X (r, t) = (G 1 (r, t), G 2 (r, t
)) := (r, y(t) + λ(t)z(t) − rλ(t)).
Then every components of F X belong to R G X . In fact,
y(t)z(t) − λ(t)x(t)z(t) + r(λ(t) 3 z(t)2λ(t) 2 y(t) + λ(t)x(t)) = −(3λ(t) 2 z(t) + 4λ(t)y(t) + x(t))
∂ ∂t (y(t) + λ(t)z(t) − rλ(t)).
Moreover we have F * In general, let γ : I → M N be a C ∞ curve in an N -dimensional manifold M with a flat projective structure. We say that γ is of finite type at t = t 0 ∈ I if there exist a C ∞ coordinate t on I centered at t 0 , t takes 0 at t 0 , and a local system of projective coordinates (x 1 , . . . , x N ) of M centered at γ(t 0 ) such that
Cartan-Monge duality of Engel curves
be a germ of Engel curve. Let f (t) = (λ(t), x(t), y(t), z(t), u(t), v(t))
for some strictly increasing sequence of positive integers 1 ≤ a 1 < · · · < a N . Then (a 1 , . . . , a N ) is uniquely determined from the projective class of the germ of γ at t = t 0 , and we say that γ is of type (a 1 , . . . , a N ) at t = t 0 . If we consider the (N × i)-Wronskian matrices
regarding γ(t) as a column vector, then we have
We will apply the above definition to the case N = 5.
We denote by J r E (I, Z) the r-jet space of Engel curves (E-integral curves) I → (Z, E):
Proof : It is sufficient to show that
is a submanifold of J r (1, 6) of codimension 4r. To show it, define the mapping Φ : a 2 , a 3 , a 4 , a 5 ), b = (b 2 , b 2 , b 3 , b 4 , b 5 ) be strictly increasing sequences of positive integers. Then we set, for a sufficiently large r,
From the above calculation of orders, we have 
Then the codimension of Σ 
Proof : We apply Proposition 6. 1 and (a 1 , a 2 , a 3 , a 4 , a 5 ) = (1, 2, 3, 4, 5) , 2, 3, 4, 5). If a 2 = 3, then a 1 = 1, 2. If a 1 = 1, then (a 1 , a 2 , a 3 , a 4 , a 5 ) = (1, 3, 4, 5, 7) while (b 1 , b 2 , b 3 , b 4 , b 5 ) = (2, 3, 4, 5, 7). If a 1 = 2, then (a 1 , a 2 , a 3 , a 4 , a 5 ) = (2, 3, 5, 7, 8)  and (b 1 , b 2 , b 3 , b 4 , b 5 ) = (1, 3, 5, 7, 8) . 2
Local classification of tangent surface singularities
In this section, first we show Proof : To verify Proposition 7.1, we recall several basic construction from singularity theory (See [12] ).
, and t 0 ∈ I. Suppose the type of γ at t = t 0 is equal to (a 1 , a 2 , a 3 , a 4 , a 5 ). Take a local affine representation γ :
, via a C ∞ coordinate t centered at t 0 of I and some projective coordinates of Y (resp. X) centered at γ(t 0 ) such that
We may suppose x 1 (t) = t a1 , by an appropriate parameter t. The tangent surface to γ is parametrized by a mapping F = Tan(γ) defined as
where α(t) = t a1−1 . We define the map-germ g : (R 2 , 0) → (R 2 , 0) by g = (F 1 , F 2 ). We denote by E n the R-algebra of function-germs (R n , 0) → R, and set
Then we see that R g is a module over the algebra g * E 2 of composite functions of g .
It is easy to verify that F 3 , F 4 , F 5 ∈ R g ( [12] , Lemma 4.5). Since F 1 (s, t) = x 1 (t) + a 1 s is a regular function, we set u = F 1 (s, t) and regard it as an unfolding parameter. Let (a 1 , a 2 ) = (1, 2) (resp. (1, 3), (2, 3) ). Then there exist diffeomorphism-germ σ : (
It is helpful to introduce the notion of openings ( [12] ). Then F • σ is a versal opening of g in each of three cases. Therefore the diffeomorphism class of F is unique by Proposition 6.9 or Theorem 7.1 of [12] . This shows Proposition 7. 
We put 1, 2, 3, . . . ). Then we have and they satisfy the condition of (1). Therefore they generate R (2) g as E 2 -module via g * . 2
Proof of Proposition 7.2: Let γ : (R, 0) → (R 5 , 0) be a curve of type (1, 3, 5, 7, 8) . Let 
(t), y(t), z(t), u(t), v(t)) be a local representation of the germ of f at t 0 in terms of coordinates introduced in §4.
Suppose m = ord(λ(t)) = 2 and n = ord(z(t)) = 1. Then the tangent map-germ Tan( 
for real numbers a, b with a = 0 and a function κ ∈ m 3 1 . Then
with ϕ ∈ m 
where Φ(r, t) = ϕ(t) + rκ(t), Ψ(r, t) = ψ(t) + rϕ(t), R(r, t) = ρ(t) + rψ(t), E(r, t) = ε(t) + rζ(t).
Now we suppose, as an additional generic condition, that b = 0. Then, by the linear right-left equivalence,
we may suppose a = 1, b = 1. Then we put U (r, t) = − Then the tangent map-germ is diffeomorphic to
), W (r, t) + R(r, t), S(r, t) + E(r, t)) .
We set
As is proved in [13] by the infinitesimal method, there exist a diffeomorphism-germ Σ : (R 2 , 0) → (R 2 , 0) of form Σ(r, t) = (Σ 1 (r), tΣ 2 (t)) and a diffeomorphism-germ T : (R 3 , 0) → (R 3 , 0) such that
Proof of Proposition 7.4: By Lemma 7.6, we have 
We see that Ξ is a diffeomorphism-germ and that
), S(r, t)).
Therefore Recall the basic theory of Lie algebras briefly. Let g be a semi-simple Lie algebra over C. A Cartan sub-algebra h of g is a commutative sub-algebra such that the normalizer of h coincides with h itself. It is known that a Cartan sub-algebra h is unique up to inner automorphisms of g. The rank of g is defined as dim C h. Let be the rank of g. Fix a Cartan sub-algebra h ⊂ g. For α ∈ h * , we set
α is called a root of g if α = 0 and g α = {0}. Then it is known that dim
The set of roots is called the root system of g and is denoted by R = R(g). We have the root decomposition
we regard R as a subset of h * R . The Killing form on g induces a metric ( , ) on h R and therefore we can regard
The Weyl group is generated by
We can choose a basis (α 1 , . . . , α ) of h R from R such that any α ∈ R is represented as α = i=1 m i α i with m i ∈ Z and all m i ≥ 0 or all m i ≤ 0, (1 ≤ i ≤ ). We call Π = {α 1 , . . . , α } ⊂ R a fundamental system (or a simple system) of R. The fundamental system of the root system is unique up to the action of Weyl group on h R .
We fix a fundamental system Π = {α 1 , . . . , α } ⊂ R. Let S ⊂ Π be any subset. Then the root decomposition of g induces a grading g = k∈Z g k of g, setting g k = α g α , for any non-zero integer k, and g 0 = g 0 ⊕ α g α , for k = 0. Here the direct sum is taken over all α ∈ R such that k is equal to the sum of coefficients m i with α i ∈ S of the unique expression α = i=1 m i α i . Let g be a Lie algebra of type A 2 , C 2 or G 2 . Then = 2. Then we have three non-trivial gradings of g in each case.
In the case A 2 , for S = Π, we have the decomposition
such that the dimensions of components g k are 1, 2, 2, 2, 1 respectively. The negative part g − = g −2 ⊕ g −1 with the 2-dimensional, bracket generating, subspace g −1 generates the 3-dimensional homogeneous contact structure. One of its global model is given by the incidence manifold
of the projective duality between Y = P 2 and X = P 2 * . The 3-dimensional manifold Z is identified with P T * (P 2 ), as well as with P T * (P 2 * ), endowed with the canonical contact structure. We can regard Z as a flag manifold, for a 3-dimensional vector space W ,
If S consists of one root from Π, then we have two different gradings of the same type: In the case C 2 , we have the grading, by S = Π = {α 1 , α 2 },
of g with dimensions of components 1, 1, 2, 2, 2, 1, 1. Suppose the square lengths of α 1 and α 2 satisfy (α 2 , α 2 ) = 2(α 1 , α 1 ). The negative part of g provides an Engel structure. For S = {α 1 }, then we have the grading
with dimensions of components 1, 2, 4, 2, 1. The negative part generates Sp(2, R)-homogeneous space with an contact structure. For S = {α 2 }, then we have the grading
with dimensions of components 3, 4, 3. Though the negative part is not endowed with any distribution canonically, however, from the double fibration, the associated homogeneous space enjoys a geometric structure. We provide the double fibration
constructed from a symplectic vector space V of dimension 4, for the case C 2 in [13] . In fact, Z is a flag manifold
We have a projective contact structure on Y , while a Lagrange-Grassmann structure (conformal structure) on X, which is given by a quadratic cone field.
In the case G 2 , we have three kinds of gradings, the negative nilpotent part g − = ⊕ k<0 g k of which corresponds to the tangent space to Z, Y and X and of 5-steps, 3-steps, and 2-steps, respectively. See [18] [19] [20] . For the case S = R corresponding to Z, then we have For the G 2 case, see also [8] .
In particular, we observe that there exist graded Lie algebra epimorphisms
which gives the Lie theoretic explanation of the local hierarchy of double fibrations.
